Abstract. We consider projective rational strong Calabi dream surfaces: projective smooth rational surfaces which admit a constant scalar curvature Kähler metric for every Kähler class. We show that there are only two such rational surfaces, namely the projective plane and the quadric surface. In particular, we show that all rational surfaces other than those two admit a destabilising slope test configuration for some polarization, as introduced by Ross and Thomas. We further show that all Hirzebruch surfaces other than the quadric surface and all rational surfaces with Picard rank 3 do not admit a constant scalar curvature Kähler metric in any Kähler class.
It is known in different degrees of generality that K-polystability is a necessary condition for the existence of a cscK metric, with the most general result due to Berman, Darvas and Lu [BDL16] following work of Darvas and Rubinstein [DR17] .
Even if Conjecture 1.1 holds in all generality, testing which particular polarisations are Kpolystable is not an easy task. Moreover, very little is known on how K-stability varies in Pic(X) ⊗ Q, although in [LS94] it was shown that if Aut(X) is finite, then the set of K-stable polarisations form a (possibly empty) open set. Hence, it is natural to introduce the set of K-stable polarisations of a projective manifold X:
In this article we consider the following natural question:
Question 1.2. Which manifolds satisfy Amp K (X) = Amp Q (X)? Or analogously, which manifolds admit a cscK metric for all ample line bundles?
We answer this question for rational surfaces: Theorem 1.3. Given a rational surface S, Amp K (S) = Amp Q (S) if and only if S = P 2 or S = P 1 × P 1 .
After a first version of this article appeared online [Mar17] , Chen and Cheng introduced the term Calabi dream manifolds to describe those compact manifolds which admit an extremal metric for each Kähler class [CC18] . Notice that every cscK metric is extremal. Hence the following comes natural: [CC18] . The name Calabi dream refers to the initial belief of Calabi that an extremal metric may exist in each Kähler class of all manifolds (see [CC18, §1] for a short historical account of Calabi's programme). Theorem 1.3 hints that we can expect few manifolds to be Calabi dream manifolds. Indeed, characterising when such metrics exist (and determining obstructions to existence) is an instigator in the study of extremal and cscK metrics. Notice that since the Kähler cone of P n is generated by Pic(P n ), Theorem 1.3 provides a complete classification of strong Calabi dream rational projective surfaces, answering a strong analogue (for rational surfaces) of a question in [CC18, §2.4 ] for surfaces of general type: Corollary 1.5. The only projective rational strong Calabi dream surfaces are P 2 and P 1 × P 1 .
We naturally introduce the opposite of strong Calabi dream manifolds: Definition 1.6. A compact manifold is an totally unstable manifold (a strongly totally unstable manifold, respectively) if it does not admit a cscK metric (an extremal metric, respectively) in any of its Kähler classes.
Our algebraic methods can only give a partial answer to the following question: Question 1.7. Which projective rational surfaces are totally unstable? Theorem 1.8. Let F n be the n-th Hirzebruch surface and let S → F n be the blow-up at any point. Then S does not admit a cscK metric in any Kähler class. Moreover F n does not admit a cscK metric if n > 0. In particular, if S is a rational surface with rk(Pic(S)) 3 and S = P 2 , P 1 × P 1 , then S is a totally unstable manifold. Moreover, Amp
The case of Hirzebruch surfaces seems to have already been known to experts (see [ACGT11, Remark 1]) via the Matsushima-Lichnérowicz obstruction. We give a new proof using the RossThomas notion of destabilising slope test-configurations [RT06] . On the other hand, the proof when rk(Pic(S)) = 3 relies on the Matsushima-Lichnérowicz obstruction. In §2 we recall these constructions and in §3 we apply them to prove our results after giving a summary of the geometry of Hirzebruch surfaces.
While Theorem 1.8 is not likely to give a complete answer to Question 1.7 for rational surfaces, it is the more general statement we can hope to prove in relation to the rank of the Picard group. Indeed, every del Pezzo surface S with rk(Pic(S)) 4 has a Kähler-Einstein metric a no nonzero holomorphic vector field when rk(Pic (S)) 5. Furthermore, the blow-up of S at finitely many points has a constant scalar curvature Kähler metric by a result of Arezzo and Pacard [AP06] . Nevertheless, the Matsushima-Lichérowicz obstruction seems to be too coarse to detect all totally unstable manifolds. Therefore the following question arises naturally: Question 1.9. Is there any totally unstable manifold X with reductive Aut 0 (X)?
We expect most manifolds to be at some point in between strongly totally unstable manifolds and strong Calabi dream manifolds, but no explicit descriptions of Amp K (S) are known beyond some simple cases such as toric varieties and some partial results on smooth del Pezzo surfaces [CM16; CM17] . 
Destabilising test configurations
Definition 2.1. Let (X, L) be a pair formed by a projective manifold and an ample line bundle. In this article a test configuration of (X, L) (with exponent r) is a triple (X , L, p) consisting of
for every t ∈ P 1 \ {0}, where we identify p
. A product test configuration is trivial if G m acts trivially on the left factor of X × P 1 .
The original definition of test configuration is somewhat different: the fibration p is customarily defined over A 1 instead of over P 1 . However, Li and Xu showed that the original definition of test configuration compactifies into the one in Definition 2.1 (see [LX14] or [CM17, Section 2] for a succinct description of this equivalence). We will use the intersection formula for the generalised Futaki invariant appearing in [LX14, Proposition 6] and [Oda13; Wan12] as the definition of the generalised Futaki invariant. We recall that the slope of the pair (X, L) is
The generalised Futaki invariant of the test configuration (X , L, p) with exponent r is the number
where n is the dimension of the variety
The pair (X, L) is K-polystable (respectively, K-stable or K-semistable) if and only if the pair (X, L ⊗k ) is K-polystable (respectively, K-stable or K-semistable) for some positive integer k. Thus, we can adapt both Definitions 2.1 and 2.2 to the case when L is an ample Q-divisor class on the variety X and assume that r = 1 in the formula (2.1) for the generalised Futaki invariant. This gives us notions of K-polystability, K-stability, K-semistability and K-unstability for varieties polarised by ample Q-divisor classes. In the following we will use Q-divisor classes and Q-line bundles interchangeably.
2.1. Automorphism groups and the Matsushima-Lichnérowicz obstruction. Let us recall the following well-known obstruction to the existence of cscK metrics:
. If X is a smooth complex projective variety admitting a cscK metric, then the connected identity component of the automorphism group Aut 0 (X) is reductive.
Remark 2.4. The classification and study of (linearly) reductive linear algebraic groups can become rather technical. Fortunately, for our purposes it will suffice us with the following well known rules (see [Muk03,  Chapter 4] for more details): Lemma 2.5. Let H be a reductive connected complex algebraic linear group. Let H ′ ⊳ H be a finite normal subgroup of H. The group G = (G a ) n+1 ⋊ (H/H ′ ) is not reductive for n 0.
Proof. Notice that G and H are connected and hence G = G 0 , H = H 0 and G is linearly reductive if and only if it is reductive. The group H/H ′ is linearly reductive by Remark 2.4 (i) and (ii). The subgroup H/H ′ is normal in G by assumption. If G was linearly reductive, then G/H = (G a ) n+1 would be linearly reductive (and hence reductive) but this is well known to be false (e.g. see [Muk03, Example 4 .42] for a proof for G a and then apply induction on n using Remark 2.4).
The following well-known result will come useful when applying Theorem 2.3. Lemma 2.6. Let S be a compact complex projective surface and π : S ′ → S be the blow up of S at a point p. All the automorphisms in Aut 0 (S ′ ) leave the exceptional divisor E = π −1 (p) invariant. Moreover, via restriction to S ′ \ E, we have
Proof. An automorphism σ ∈ Aut 0 (S ′ ) must leave the exceptional divisor E invariant and hence, it induces an automorphism π * • σ ∈ Aut 0 (S, p) fixing p. Conversely, let φ : S → S be an automorphism fixing p. The inverse image in S ′ of both p and φ(p) is a Cartier divisor. Hence, the universal property of the blow-ups [Har77, Corollary 7.15] induces a unique morphism φ :
2.2. Slope stability. Let us recall the construction of slope test configurations, introduced by Ross and Thomas [RT06] (also known in the literature as deformation to the normal cone). Our notation follows our previous work with Cheltsov [CM17] . We have simplified the hypothesis to the needs of the problem. See [CM17] or [RT06] for a more general treatment.
Let S be a smooth surface, L be an ample Q-divisor class of S and Z be a smooth irreducible divisor in S.
Let π Z : X → S × P 1 be the blow-up of S × P 1 along Z × {0} with exceptional divisor E Z . By a slight abuse of notation we identify Z ⊂ S with Z × {0} ∈ S × P 1 . Let p P 1 : S × P 1 → P 1 and p S : S × P 1 → S be the natural projections. Let p = p P 1 • π Z and define the Q-divisor
where g(Z) is the genus of Z.
The advantage of the Ross-Thomas construction of test configurations is that it allows us to extend destabilising test-configurations of a pair (S, L) to destabilising test configurations of pairs (S ′ , L ′ ) where S ′ → S is any composition of blow-downs of (−1)-curves not supported on the curve Z ⊂ S and L ′ is some polarisation. This is the content of [RT06, Corollary 5.29]. We give a more detailed proof of the result for the convenience of the reader, since this is our main tool to prove Theorem 1.3 and we will need a precise statement.
Suppose that (S, L) is destabilised by a slope test configuration (X , L λ ) centred at a smooth irreducible curve Z ⊂ S and let p ∈ S \ Z be a point. Let g : S ′ → S be the blow-up of p and G be its exceptional curve. Denote by Z ′ the proper transform of Z in S ′ . The morphism g induces a blow-up h : S ′ × P 1 → S × P 1 of p × P 1 ⊂ S × P 1 . There exists a commutative diagram
where q S , q S ′ , q P 1 , q ′ P 1 are the obvious projections, π Z ′ : X ′ → S ′ × P 1 is the blow-up of Z ′ ⊂ S ′ × {0} and f : X ′ → X is the contraction of G × P 1 ⊂ X ′ . We denote the exceptional divisor of π Z ′ by E Z ′ .
We may choose some sufficiently small positive rational number ε > 0 so that
where we use the fact that p ∈ Z. The latter also implies that lim
In summary, since for fixed λ the generalised Futaki invariant DF X ′ , L ′ λ , p ′ is a quotient of polynomials on ǫ (and hence it is continuous) we have:
for sufficiently small ε > 0. We conclude this section by posing the following conjecture:
Conjecture 2.10. Let (X, L) be a pair destabilised by a test configuration (X , L) and let π : X ′ → X be a projective birational morphism. There is a K-unstable pair (X ′′ , L ′′ ) destabilized by a test configuration (X ′′ , L ′′ ), a birational map φ : X X ′′ , a birational morphism
There is some evidence to support Conjecture 2.10 beyond Lemma 2.9. For instance, it follows from [CM17, Corollary 3.9] that Conjecture 2.10 holds for the flop slope test configurations introduced by Cheltsov and Rubinstein in [CR18] when π is not supported on the slope curve. Denote by F n := P(O P 1 ⊗ O P 1 (n)) → P 1 the unique n-th Hirzebruch surface, where n ∈ Z 0 . This is the unique rational ruled surface whose Picard group is isomorphic to Z ⊕ Z and which contains a unique (if n > 0) smooth rational curve of self-intersection −n. We denote this curve by Z n . We denote by F the class of a fibre of the natural projection F n → P 1 . We have that
The Mori cone of effective curves NE(F n ) is two dimensional and generated by F and Z n . In the special case where n = 0, we have F 0 ∼ = P 1 × P 1 and the classes F and Z 0 are the class of a fibre of each of the two different natural projections to P 1 . Moreover, we have
The Nef cone Nef(F n ) is generated by F and aZ n + (na)F , i.e. C ∼ Q aZ n + bF is ample if and only if a > 0 and b > na.
We can also work with F n using coordinates. Indeed, its loci is given by
In this coordinates the curve Z n is given by
and the map F n → P 1 is given by projection on the second factor. Given any rational surface S = P 2 , there is a morphism S → F n which factors as the contraction of k 0 (−1)-curves. In addition, there is a morphism F 1 → P 2 contracting Z 1 . There is a commutative diagram
where σ n is the blow-up of the point p n = ([1 : 0 : 0], [1 : 0]) ∈ F n and σ n+1 is the contraction of the proper transform in Y of the fibre of F n → P 1 passing through p n . Conversely, up to isomorphism, σ n+1 is the blow-up of q n+1 = ([0 : 0 : 1], [0 : 1]) ∈ F n+1 and σ n is the contraction of the proper transform in Y of the fibre of F n+1 → P 1 passing through q n+1 .
We can identify the additive group with the group of homogeneous polynomials of degree n in variables z 0 , z 1 , i.e. (G a ) n+1 ∼ = C n+1 ∼ = C[z 0 , z 1 ] n under this identification. We define the group homomorphism φ : GL(2, C) → Aut(C n+1 ) given by
Using φ, we define the semi-direct product G n := (G a ) n+1 ⋊ GL(2, C) with product rule
Let n 1. The group G n acts on F n . Indeed, the element
Let µ n ⊳ GL(2, C) be the finite subgroup consisting of the diagonal matrices A = λI where λ is an n-th root of unity. We have an exact sequence of group homomorphisms
and it is easy to check that µ n is the kernel of the action G n on F n . Hence (G a ) n+1 ⋊ (GL(2, C)/µ n ) ⊆ Aut(F n ). While the above description is not entirely necessary to prove the following lemma, it will come useful when studying the automorphism groups in the blow-ups of F n .
Lemma 3.1. Let S = F n for n 1. Then Aut(S) = Aut 0 (S) ∼ = (G a ) n+1 ⋊ (GL(2, C)/µ n ). In particular, Aut 0 (S) is not reductive and S does not admit a cscK metric in any Kähler class.
Proof. The contraction of Z n induces a morphism π : F n → S ′ = P(1, 1, n). Suppose n 2. Then p = π(Z n ) = [0 : 0 : 1] is the unique singular point of S ′ and it must be fixed by Aut(S ′ ). The group Aut(S) acts transitively on the fibres F n → P 1 and it fixes Z n , since it is the unique curve in S of negative self-intersection. Hence, by Lemma 2.6 Aut(S) ∼ = Aut(S ′ ). Any φ ∈ Aut(S ′ ) can be given by
where p is a homogeneous polynomial of degree n. Observe that (G a ) n+1 ⊳ Aut(S ′ ) is identified with the subgroup of automorphisms given by 
since the group is connected. Now suppose π : S = F n → S ′ = P 2 is the blow-up of p = [0 : 0 : 1] ∈ P 2 . By Lemma 2.6,
We have a group isomorphism Aut(
Non-reductivity of Aut(F 1 ) follows from Lemma 2.5 and the fact that GL(2, C) is linearly reductive [Muk03, Corollary 4.44].
The last lemma and the following one give a complete answer to the existence of cscK metrics on Hirzebruch surfaces. Lemma 3.2. Let S ∼ = P 2 or S ∼ = P 1 × P 1 . Then S admits a cscK metric in any Kähler class. In particular (S, L) is K-polystable for all Q-ample line bundles L.
Proof. The Picard group of P n has rk(Pic(P n )) = 1 for all n 1 and the Kähler cone is onedimensional. Therefore any ample line bundle L = O P n (aH) for some a ∈ N, where H is the class of a hyperplane. The Fubini-Study metric g F S on P n is a Kähler-Einstein metric and therefore a cscK metric in c 1 (3H). Hence, g
F S is a cscK metric in c 1 (L). In particular this applies to
is ample and g a , g b are cscK metrics in c 1 (O P 1 (aH)) and
Since an L-polarised surface S admitting a cscK metric is K-polystable [BDL16; DR17] and K-polystability is invariant under scaling of L, the lemma follows.
3.2. Proof of Theorem 1.3. While the previous section completes the classification for Hirzebruch surfaces, it does not say anything of an arbitrary rational surface. For this reason we take the following alternative take to Lemma 3.1 via destabilising test configurations:
Proof. Let L = aZ n + bF be an ample Q-divisor class of S = F n . In particular a > 0 and b > na and
and L − λZ is ample if and only if a > λ >
Remark 3.4. After circulating a version of this article, D. Calderbank let the author know that in [ACGT08] a similar strategy is followed (namely the use of a destabilising slope test configuration) to show the obstruction to the existence of extremal metrics on certain ruled surfaces, generalising a technique of Székelyhidi [Szé07] .
Proof of Theorem 1.3. Suppose S = P 2 and S = P 1 ×P 1 . We need to find an ample Q-line bundle L such that (S, L) is K-unstable. We will proceed by induction on the rank k = rk(Pic(S)) 2. By the classification of rational surfaces we have that there is a morphism f : S = S k → S k−1 → · · · → S 2 =: S = F n which is a composition of blow-ups S i → S i−1 where rk(Pic(S i )) = i (or equivalently a composition of contractions of (−1)-curves). We may assume that n 1. Indeed, if n = 0, then the last blow-up is f 2 : S 3 → S 2 = P 1 × P 1 where S 3 is the smooth del Pezzo surface of degree 7 which has three (−1)-curves E 1 , E 2 , E 3 where E 2 · E 3 = E 2 · E 1 = 1 and E 1 · E 3 = 0 and f 2 is the contraction of E 2 . However, we may replace f 2 by the contraction of E 1 and then f 2 : S 3 → F 1 . If k = 2, then the proof follows from Lemma 3.3. Suppose k = 3 and f : S = S 3 → F n is the blow-up at a point p. If p ∈ Z n ⊂ F n , then the proof follows from lemmas 3.3 and 2.9. If p ∈ Z n , let E ⊂ S k be the f -exceptional curve and F be the proper transform of the unique fibre of F n → P 1 . Then F is a (−1)-curve and its contraction gives a morphism f ′ : S = S 3 → F n+1 which is the blow-up of a point q ∈ Z n+1 ⊂ F n+1 and then the proof is as in the previous case. In particular, we have proven that for k = 3, there is a morphism f : S k → F n which is an isomorphism around Z n , and there is an ample Q-line bundle L in S k such that (S, L) is destabilised by the slope test configuration centred at the proper transform of Z n . Now, for the induction step, we suppose that we have an ample Q-line bundle L on S k−1 and a composition of blow-ups h : S k−1 → F n such that (S k−1 , L) is destabilised by the slope test configuration centred at the proper transform of Z n in S k−1 and that h is an isomorphism around Z n . We let f : S = S k → S 2 = F n factor as f = h • π, where h : S k−1 → F n is as in the induction hypothesis and π : S k → S k−1 is the blow-up at a point p ∈ S k−1 with exceptional divisor E. Let Z ′ n be the proper transform of Z n in S k−1 via h. If p ∈ Z ′ n , then the result follows from Lemma 2.9.
Hence, suppose that p ∈ Z ′ n and let F k−1 (respectively F k ) be the proper transform in S k−1 (respectively S k ) of the fibre F of F n → P 1 passing through h(p). Notice that F 2 k = F 2 k−1 − 1. Denote by C i (respectively C i ) the proper transform in S k−1 (respectively S k ) of the exceptional divisor of S i → S i−1 for i = 3, · · · , k − 1. Let F i be the proper transform of F in S i and let l be the smallest index such that F 2 l = −1. Observe that if l = k then h is an isomorphism near Z n and F . By the induction hypothesis C 2 i = C 2 i . The latter allows us to define the morphism g : S k → S ′ to a smooth surface S ′ as the successive contraction of C k , . . . , C l+1 , where we define g to be the identity morphism if
is an isomorphism around Z n+1 , completing the proof of the inductive statement. In particular, given any rational surface S, we deduce that there is a morphism S → F m for some m 1 such that S is an isomorphism around Z m , and an ample Q-line bundle L on S such that, by means of Lemma 2.9, we construct a destabilising slope test configuration for (S, L). The result for S = P 1 × P 1 and S = P 2 follows from Lemma 3.2 and the fact that a pair (S, L) admitting a cscK metric is K-polystable [BDL16; DR17].
Remark 3.5. If Conjecture 2.10 holds, we may expect a similar approach to answer Question 1.2 for other birational classes of surfaces as the one presented in the last proof. Namely, given a pair (S, L), we may apply the Minimal Model Programme to find a morphism S → S 0 where S 0 is a smooth surface with no (−1)-curves. Then we may classify all surfaces S 0 with no (−1)-curves such that Amp K (S 0 ) = Amp Q (S 0 ) and apply a solution to Conjecture 2.10. For all those surfaces with Amp K (S 0 ) = Amp Q (S 0 ), we may attempt to show that if enough (infinitely closed) points in S 0 are blown up, we may end-up with a morphism g : S ′ → S 0 such that Amp K (S ′ ) = Amp Q (S ′ ). Ideally, we should be able to describe the smallest such S ′ (in the case of rational surfaces g is the identity, except for the special cases of F 1 and F 0 ). While a similar approach may also be considered in higher dimensions, a stronger statement than the one in Conjecture 2.10 would be needed to account for flips and flops.
3.3. Some totally unstable rational surfaces. The Matsushima-Lichnérowicz obstruction does not seem to have been fully explored in all obvious cases. There are two reasons for this: on the one hand it is not easy to describe the automorphism groups of varieties with many symmetries (i.e. those which are likely to have non-reductive automorphism groups), especially in higher dimensions. On the other hand, even when the birational class of a projective variety is well understood (e.g. rational surfaces), there may be many varieties in the class with very different automorphism groups depending on the choice of birational transformations among them. As a result, a complete classification of the cases for which Theorem 2.3 is applicable may be hopeless. Nonetheless we can conclude this article by proving Theorem 1.8, which can be stated in simple terms:
Proof of Theorem 1.8. The statement on F n follows from Lemma 3.1 or Lemma 3.3. Consider where a 0 , · · · , a n , b ∈ C, a, b ∈ C * , computed by considering the stabiliser of p n . Hence Aut 0 (Y ) ∼ = (G a ) n+1 ⋊ ((G a ⋊ G 2 m )/µ n ), which is not reductive by Lemma 2.5. The statement for cscK metrics follows from Theorem 2.3. Observe that if Pic(S) 3, then S is a toric surface. Hence the non-existence of a cscK metric is equivalent, by the solution of the toric version of Conjecture 1.1 to toric-equivariant K-instability [Don09] . Hence there is an equivariant destabilising test configuration for (S, L). But any equivariant test configuration is a test configuration in the sense of Definition 2.1 and hence (S, L) is K-unstable.
